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Imaging inverse problems

e Forward model:
y = Hu+w, (1)

where,
o u € R? unknown image, y € R? observed data and d € N,

e H a circulant block matrix of dimension d x d and ...

o w~ N(0,0%Id) noise, o > 0.

@ Deconvolution problems: Estimating v from y.

Recovering v from y is an ill-posed problem = - -- need to regularise
the solution space.
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Play & Play imaging methods

From the Bayes Theorem,

p(uly; 0°) o p(ylu; o) p*(u), (2)
~ ~\~ - N ~~ 7 N——"
Posterior Likelithood Prior
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Play & Play imaging methods

From the Bayes Theorem,

p(uly; 0°) o p(ylu; o) p*(u), (2)
N ~\~ d N ~\~ 7 N——
Posterior Likelithood Prior

PnP-ULA [Laumont et al., 2021] method proposes a sampling
Lagenvin algorithm to draw samples from the Bayesian model

pe(uly; o) o< p(ylu; 0%) pe(uw), (3)
Posterior Likelihood Prior

pe(u) is the smoothed version of p*(u) related to a denoiser through
Tweedie’s identity

GQVInge(u) = (De*u —u) ~ (Du—u). (4)

e D, is an approximation of the optimal MMSE denoiser D?, which
recovers u from 4 = u + w’ where w’' ~ N (0, 21d).
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o PnP-ULA method: ¢ set manually
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(a) PnP-ULA: 29.1dB (b) Autocorrelation (c) Noise var. o2

— ... the Markov chain generated has poor mixing properties.
— ... the noise variance of the model is over-estimated.
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Bayesian image inverse problems

Main objective

Estimate the regularisation parameter ¢’ from the measurement y by
computing the MMLE estimation

¢ = argmax p(yle’, o°), ()

e2€(ed,+oo|

where 6(2) is a minimum value set a priori.

Note that the marginal likelihood is given by

plet.0%) = [ pluslé®, o),

where
p(u,yle?, 0?) = p(y|u, o*)pe(u).
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Bayesian PnP method in the latent space

e Auxiliary variable
u=z+uw where w' ~ N(0, p*Id)

Then,

e =e+p, p=0,
with e% set a priori.
Estimating € is equivalent to estimating p?

p° = argmax p(y|p?, o?).
p?€[0,+o0]
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Bayesian PnP method in the latent space

e Auxiliary variable
u=z+uw where w' ~ N(0, p*Id)
Then,
& =e+p, p=0,

with e% set a priori.
Estimating € is equivalent to estimating p?
~2

p° = argmax p(y|p?, o?).
p?€[0,+00]

e Joint probability distribution of v and z

Peo (U, 2|y; 02, %) o< p(ylu; o) p(ulz; p”)pey (2) (6)

where,
p(ulz; p*) oc exp (Jlu — 2|1/ (2p%)).

Charlesquin Kemajou Plug and Play Bayesian estimation



Benefit of introducing a latent variable

o The likelihood p(y|z, p?, 0?) is strongly log-concave and therefore,
running PnP-ULA on z is much faster than running PnP-ULA on
u:

plulz o) = | ploles o plalz. )

@ We can easily incorporate additional parameters such as noise
variance, and estimate by maximum marginal likelihood estimation

6% = argmax p(y|p*, 0?),
026602

where ©,2 is a convex set of admissible values for o2.
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Estimation of o2 and p?

e We evaluate the Maximum Marginal likelihood estimator from y,

(6%,p°) € argmax p(y|o?, p?).
02€0 o ,p2€@p2

where,

p(ylo?, o) / / p(l 3 p)me, (3)diidZ.
R JRd

o In a manner akin to [Vidal et al., 2019], we update p? and o>

given pZ and of as follows

pri1 =Ue , [p7 + 0ni1V 2 log p(ylpy, 7))

and,
n—I—l H@ o2 [ 721 + 5n+1v02 1ogp(y|p%, 0-721)]
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Estimation of 0% and p?: Gradients approximation

(Fisher’s identity)

logp(wz,pQ)} _d
2

v 10 27 2 :_E
p2 log p(ylp”, o7) u,z|y,p2,a2[ 2 2
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Estimation of 0% and p?: Gradients approximation

V2 logp(ylp®, %) = =By .y, 02,02 [

V2 logp(ylp*, o) =

log p(ulz,p?)] d

p? | 2p
_iz logp(Uy|Z1, p*)|  d
m 02 22

(Fisher’s identity)

(Appro. MC)

(Ug)ie, and (Z)7., are sampled according to p(uly, z; p?, %) and
p(z|y; p?, 02) respectively.

Charlesquin Kemajou

Plug and Play Bayesian estimation




Estimation of 0% and p?: Gradients approximation

1 2 d
V 2 log p(y|p?, 02) = K., 21y.p2,02 [ ogpulz,p7) | _ (Fisher’s identity)

p? 2p

1 <= [log p(Us| Zx, p*)] d
V2 log p(y|p*, o) =——Z[ ( ;"2‘ b /) ~ 57 (Appro. MC)

(Ug)ie, and (Z)7., are sampled according to p(uly, z; p?, %) and
p(z|y; p?, 02) respectively.

Accordingly,

V2 logp(y|p?, 0%) = ——
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2~ p(zly; p*,0°) and u ~ p(ulz,y; p*, 0°)

o Generate (Zy), oy targetting pe, (2]y; p?, 02) o< p(y|z; p?, 02) ey (2)

Zisr = | Z, + V. 1og p(y| Zy, p*) + 7 V. log e, (Z1) ++/27Ckt1

(Dey Zr—Z)/ €2

where V., log p(y|Zy, p?) = (Z), — Ui)/p* and 7 > 0.

o sample (U) .oy according to p(ulz,y; p°, o) which is normal

distribution N (u; p(z, p?, 02), X(p?, 02)) with
HTH 1\
S(p?,0%) = ( 2 T ?) , w(z,p%,0%) =%(p?, 07) (

T z
v, )
o

o2 0
Therefore, we can update u exactly as follows

Ui = IE‘j’u|z,y;p2,02 [u] — M(Zk—i-lv P2, 02)
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Algorithm

o Sample (Z),y according to p(z|y; p?, 0?) using PnP-ULA
Zin =1Tle | Zi + 7V log p(yl Z, . 0F) + TV - 0g ey (Z0) + /2G|
e Map the latent variable Z;.; to the ambient space

2 2
Xgy1 = M(Zk+1,,0k+1a 0k+1)>

@ The parameters pi and 0,% are estimated as follows
o1 = o , [Pk — Sk1 V2 log p(ylpi, o)) 4

ors1 =1o_, [0} = 6141V 2 log p(y|pi. o7)] 5

where ((5t)t€N is a non-increasing sequence of step-size.
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Experiments: Non-blind deblurring
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~2 _ -5
P2 =1.79x107° >0

Notice that the maximum marginal likelihood estimation of p? > 0
indicates that the original PnP model (p* = 0) is suboptimal.
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Experiments: Non-blind deblurring

(b) y: PSNR = 23.5dB
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Experiments: Non-blind deblurring

(a) PnP-ULA: PSNR = 29.1dB (b) Ours: PSNR = 30.0dB

Methods PSNR MSE ESS Speed-up
PnP-ULA (PnP-ULA) 26.16 & 11.48 3.3x10734+£6.3 x 1076 3
R-PnP-ULA (Ours) 27.56 4 09.02 2.2 x 1073 £+ 2.6 x 1076 73 21.37
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Conclusion

To conclude:

@ Estimating 02 with PnP-ULA leads to an incorrect estimation
because the amount of regularisation of the PnP prior is not
chosen appropriately.

@ The latent space model generalises the original model, they
coincide when p? — 0

Peo (T, 2|y; p*,07) — pe(x|y;0%) and €= ¢

@ Notice that the MMLE of p? > 0 indicates that the original model
(p* = 0) is suboptimal.

@ Estimating p? automatically improves the convergence speed and
the reconstruction image in terms of the PSNR.
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