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y = D (Φx)

OBJECTIVE: Find an estimate x† of x from y
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MAP Estimate

⋆ FORWARD MODEL: y = D
(
Φx

)
⋆ y and x are related by a generative statistical model p(y|x)

⋆ BAYESIAN FRAMEWORK

x† ∈ Argmax
x∈RN

p(x|y) = Argmin
x∈RN

{
fy(x) = − log p(x|y)

}
= Argmin

x∈RN
− log p(y|x)− log p(x) (Bayes’ formula)

= Argmin
x∈RN

− log p
(
y −Φ(x)

)︸ ︷︷ ︸
=hy(x)

Data fidelity term

− log p(x)︸ ︷︷ ︸
=g(x)

Regularisation term

E.g., hy(x) = ιB2(y,ε)(Φx), 1
σ2 ∥Φx− y∥2

E.g., g(x) = ι[0,+∞[N (x), λ∥Ψ†x∥1
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Uncertainty

In general the inverse problem is ill-posed or ill-conditioned.

? ?

MAPs are point estimates: No measure of uncertainty.
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Hypothesis Testing
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BUQO: Bayesian Uncertainty Quantification by Convex Optimization

Let H0 be a hypothesis:
• C̃α – HDP region (posterior is small (wrt to x†))
• S – associated to, hypothesis H0

Hyp H0: A structure of interest is ABSENT

Suppose that C̃α∩S = ∅.

P(x ∈ C̃α|y) ⩾ 1 − α

C̃α

P(x ∈ S|y) ⩽ α

S

Then we can say that P(x ∈ S|y) ⩽ α.
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BUQO: Bayesian Uncertainty Quantification by Convex Optimization

Let H0 be a hypothesis:
• C̃α – HDP region (posterior is small (wrt to x†))
• S – associated to, hypothesis H0

Hyp H0: A structure of interest is ABSENT

Suppose that C̃α∩S = ∅.

P(x ∈ C̃α|y) ⩾ 1 − α

C̃α

P(H0|y) ⩽ α

S

Then we can say that P(H0|y) ⩽ α.
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BUQO: Bayesian Uncertainty Quantification by Convex Optimization

Let H0 be a hypothesis:
• C̃α – HDP region (posterior is small (wrt to x†))
• S – associated to, hypothesis H0

Hyp H0: A structure of interest is ABSENT

Suppose that C̃α∩S = ∅.

P(x ∈ C̃α|y) ⩾ 1 − α

C̃α

P(H0|y) ⩽ α

S

I.e., REJECT H0 with confidence α.
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BUQO: Variational S

In [Repetti, Pereyra, Wiaux, 2019] S = S1 ∩ S2 ∩ S3
where

S1 = [0,+∞)N positivity
S2 =

{
x ∈ RN

∣∣ Mx = LM cx+ τ
}

smooth
S3 =

{
x ∈ RN

∣∣ Mx ∈ B2(µ, θ)
}

bdd energy

Comments

• Gaussian
operator

• L = L(M)

• Tune τ , µ, θ

Uncertainty quantification

Find
(
x‡
S , x

‡
C̃α

)
∈ Argmin(

xS ,xC̃α

)
∈S×C̃α

1
2
∥xS − xC̃α

∥2 (1)

Theorem (Variational Hyp. Test)
Suppose that α ∈]4 exp

(
−N/3

)
, 1[ and let (x‡

S ,x
‡
C̃α
) ∈ S × C̃α be a

solution to (1). If ∥x‡
S − x‡

C̃α
∥ > 0, then P(H0 | y) ⩽ α, and hence

H0 is rejected.
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PnP-BUQO: Data-Driven S

Structure-free

Let G be an inpainting operator,

S = {valid x |x ≈ G(M ,x)}

Data-driven

• parameter-free

Find x ∈ Argmin
x∈RN

ζ

2
∥x− G(x)∥2

2 + ιC̃α
(x) (2)

Corollary (Data-Driven Hyp. Test)
Suppose that α ∈]4 exp

(
−N/3

)
, 1[ and let x‡ ∈ C̃α be a solution

to (2). If ∥x‡ − G(x‡)∥ > 0, then P(H0 | y) ⩽ α, and hence H0 is
rejected.
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Simulations

INVERSE PROBLEM
y = [ Φ̃ ] x + w

= Φ +

Solve for x

BRATS21 MRI dataset

MAP ESTIMATION

• FIDELITY: Bounded energy
• REGULARIZE: db8 wavelet

sparsity

MEASUREMENT OPERATOR:
(Discrete) Fourier (torch.fft.fft2)

Find x† in
Argmin
x∈RN

ι[0,+∞[N (x) + ιB2(y,ε)(Φx) + ∥Ψx∥1
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Inpainting CNN: DnCNN-like Architecture with
Gated Convolutions
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Comp.

DATASET: 90885 images and masks processed from the
BRATS21 dataset.
• optimiser = Adam
• epochs = 32
• learning rate = 0.001
• drop frequency =16
• drop ratio = 0.2

LOSS FUNCTION

L(θ) = αMSE(θ)+ + β∥Mθ∥1

+ γ∂TV(θ) + δLpercep.(θ) + ϵLstyle(θ)

• (α, β, γ, δ, ϵ) = (2, 6, 3, 0.05, 240)
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Inpainting: Train/Test Examples

Test set

Train set
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BUQO: Comparison with original method

x†

x‡

x‡
C̃α

x‡

x‡
C̃α
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BUQO: Simulation results

150 175 200 225 250 275 300 325 350
Number of angles

0.0

0.2

0.4

0.6

0.8

1.0

ρ α

80 dB
70 dB
60 dB
50 dB

50 55 60 65 70 75 80
Measurement noise (dB)

0.0

0.2

0.4

0.6

0.8

1.0

ρ α

350 angles
300 angles
250 angles
200 angles
150 angles

ρα=0.5,Mα=350, iSNR=70

x† x‡ G(x‡)

ρα=0.35,Mα=150, iSNR=70

x† x‡ G(x‡)

ρα=0.71,Mα=350, iSNR=80

x† x‡ G(x‡)

ρα=0.0,Mα=350, iSNR=50

x† x‡ G(x‡)
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Future work

• Consider other formulations/algos.
• Scale up!
• Improve network architecture/loss/training to improve performance.

• Training for bespoke artefact definitions/adaptive noise.
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BUQO Algo

Iterations:
for k = 0, 1, . . . do

ṽ
(k)
1 = v

(k)
1 + µ1,1Ψx

(k)
C̃α

v
(k+1)
1 = ṽ1 − µ1,1ΠB1(0,η̃α/λ)

(
µ−1

1,1 ṽ
(k)
1

)
ṽ
(k)
2 = v

(k)
2 + µ1,2Φx

(k)
C̃α

v
(k+1)
2 = ṽ2 − µ1,2ΠB2(y,ε)

(
µ−1

1,2 ṽ
(k)
2

)
x̃

(k)
C̃α

= Π
[0,1]N

(
(1 − γσ)x

(k)
C̃α

+ γσx
(k)
S − σΨ†v

(k+1)
1 − σΦ†v

(k+1)
2

)
x

(k+1)
C̃α

= 2x̃(k)
C̃α

− x
(k)
C̃α

ũ
(k)
1 = u

(k)
1 + µ2,1Lx

(k)
S

u
(k+1)
1 = ũ

(k)
1 − µ2,1Π[−τ,τ ]NM

(
µ−1

2,1 ũ
(k)
1

)
ũ

(k)
2 = u

(k)
2 + µ2,2Mx

(k)
S

u
(k+1)
2 = ũ

(k)
2 − µ2,2ΠB2(µ,θ)

(
µ−1

2,2 ũ
(k)
2

)
x̃

(k)
S = Π

[0,1]N

(
(1 − γσ)x

(k)
S + γσx

(k)
C̃α

− σL
†
u

(k+1)
1 − σM†u

(k+1)
2

)
x

(k+1)
S = 2x̃(k)

S − x
(k)
S

end for
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Plug-and-Play Algorithm

Initialization: Let h(x) = r
∥∥x− G(x)

∥∥2, L = Lip(∇h) and
τ−1 − σ1∥Ψ∥2 − σ2∥Φ∥2 > L/2.
Iterations:
for k = 0, 1, . . . do

ṽ
(k)
1 = v

(k)
1 + σ1Ψx

v
(k+1)
1 = ṽ

(k)
1 − σ1ΠB1(0,η̃α/λ)(σ

−1
1 ṽ

(k)
1 )

ṽ
(k)
2 = v

(k)
2 + σ2Φx(k)

v
(k+1)
2 = ṽ

(k)
2 − σ2ΠB2(y,ε)(σ

−1
2 ṽ

(k)
1 )

x̃(k) = Π[0,∞[N

(
x(k) − τ

(
∇h(x) +Ψ†v

(k+1)
1 +Φ†v

(k+1)
2

))
x(k+1) = 2x̃(k) − x(k)

end for
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