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Statement of an innocent looking problem

Optimization

Find the unconstrained minimum of a function 7(x) in R?

min 7(x)
x€eRd
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Numerous applications

RAARACANAY

(a) Image classification

200 250

(b) Image reconstruction
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Gradient flow

Consider the differential equation:

% = —Vn(x).

This has the interesting property that

dm(x) 2
—— = —|[Va(x)]|” = lim x(t) = x*
2 = ORI = fim x(t) = %,
where x* is a (unique) minimizer. This makes the equation above central
(or at least the simplest choice) for optimization purposes.
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In an ideal world!!!

@ There is nothing to be done...
@ Discretize the candidate differential equations and go

» Optimization: Go to infinity as quickly as possible (in terms of function
evaluations).
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In real life...

@ Starting from the differential equation and discretising might not be
enough in terms of mimicking the rate of convergence to equilibrium.

@ Going to infinity as quickly as possible implies that you can use
arbitrary large time-steps in your numerical discretization.

@ Reality unfortunately comes back to bite you, as time-steps
restrictions appear once you discretize your differential equation.
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Overview

e ODEs and optimization methods
@ Continuous time
@ Discrete time
@ Analysis of Nesterov method
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Optimization: Continuous case

Gradient flow: Momentum equation:

x+Vf(x)=0 X 4+ by/mx + Vf(x) =0

Quadratic case: f(x) = 3x"Qx, o(Q) € [m, L]

Nonlinear case: f(x) € F(m,L)

[1] W. Su, S. Boyd, E. J. Candés NIPS 2014: 2510-2518, (2014).
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Continuous time formulation

£(t) = A¢(t) + Bu(t),
y(t) = C&(1),
u(t) = VF(y(t)).
where £(t) € R" is the state, y(t) € RY(d < n) the output, and
u(t) = V£ (y(t)) the continuous feedback input. Fixed points of the
system satisfy
0=A¢, y*=C¢&, v =VIFy")

in our context u* =0 and y* = x*.

{9 THE UNIVERSITY
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Examples

O Gradient flow: x = —Vf(x).

A=04xd, B=—lyxd, C=lgxa.

@ Momentum equation: X + by/mx + Vf(x) = 0.

SRS A R

04
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Quadratic case

@ The continuous time formulation now becomes
£(t) = (A+ BQC)&(t)
@ Solution is given by

£(t) = elA+BA0)¢ ()

@ To deduce a convergence rate to the minimizer we need to
understand the spectral properties of el

A+BQO)t
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Quadratic case: Gradient flow vs momentum equations

e Gradient flow: rate of convergence e~2™mt

@ Momentum equation: rate of convergence e—&(b)vmt

2

15

0.5

o Clearly using the first order dynamics is suboptimal in terms of
convergence
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The class F(m, L)

@ (x—y,VI(x) = VF(y)) = m|x—y|*

@ [VF(x) - VA)I* < L2|x - y|*
Q 2 lx—yIP + Z IVF(x) = VAW)I? < (VF(x) = V() (x —y)
An equivalent way of expressing these equations are the following quadratic
constraints:

- T -
X—y -2y sy xX—y
O V) - Vi) | L %d] [w(x) —Vf(y)] 20
- - T -
X—y L%l; 04 X—y
O Vi) -vr)] |od —/d} [Vf(x) _ Vf(y)] 2 0.
r 1T r mL 1
X—y — g sy X—y
© lvr)-vr)| | T 21+le} {Vf(x) —Vf(y)} 20

K. C. Zygalakis (University of Edinburgh)
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(Continuous) Lyapunov functions

Consider

V(E(t), t) = at)(F(y (1)) — Fy)) + (6(8) — &) P(E)(E(E) — &)

and assume that we can find «a(t), P(t) = 0 such that

V(£(t), t) < V(&(to), to)

then

0 < f(y(t)) — fyx) < V(£(to, t0))/a(t) = O(1/a(t))
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A small calculation

By differentiating the Lyapunov function we have

V = a(e)(f(y(1) — F(y))
A )(VF(y (1)) = V(1)) y(2)
+2(£(1) — &) T P(£)E(t)
+ (&) = &) TP(e)(E() — &)

Setting e(t) = [(£(t) — &) T (u(t) — ux)T] and using the strong convexity
properties of f (f € F, ) we can obtain

V(t) < e (£)(--)e(t)

and if the matrix inside the parenthesis is negative definite then we are
done.
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A theorem for the (continuous) Lyapunov function

(Continuous) convergence to the minimizer

Suppose that there exist A > 0, P >= 0, and o > 0 that satisfy

7=+ u® 4 Am® +om® <o

where
70 _ PA+ATP+ NP PB
- BT P 0]’
o Llo a7’
mO =2 A
2 |E CB+BTCT |~
7@ cT o] [-%2. Iw][C o
Ia) | 31y 0| [0 l4]’
M(3)7[CT 0] — g gid, [C 0]
Iy 1y, —Log| o i

Then the following inequality holds for f € Fp, 1, t > 0,

F(0) — Fr*) < e (F0) — Fr™) + (60) — €9 P(E(0) — €9)) -

ODEs and optimization UCL, 23/05/2023
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Nonlinear case: Gradient flow vs momentum equations

o Gradient flow: Again we have that A =2m.
e Momentum equations: We have that A = g(b)y/m

2

15

0.5

@ You lose some of the rate you can prove between the linear and the
nonlinear case

@ Still the momentum dynamics accelerate the convergence to equilibrium
(vm > m when m < 1.)
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Discrete time

Ek+1 = A&k + Buy,
uk = V£ (yk),
Yk = C&,

Xk = E&.
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A family of algorithms

Xp+1 = Xk + B(xk — xk—1) — aVF(yk),
Yie = Xk + 7(Xk — Xk—1),

@ For 3 = = 0 we recover the gradient descent
Xk+1 = Xk — C(Vf(Xk).

@ For v = 8 we recover the Nesterov method.
© For v =0, B # 0 we recover the heavy ball method.
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Quadratic case

@ The continuous time formulation now becomes
k1 = (A4 BQC)Ek
@ Solution is given by
& = (A+ BQC)*¢(0)

@ To deduce a convergence rate to the minimizer we need to
understand the spectral properties of (A + BQC)
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Quadratic case: Convergence rates

1€k — 5117 < P 160 — 7|17

© Gradient descent: a = m+L' and p = H—jr}

@ Nesterov method: o = m, 8= \/7%2114_—5 and p=1-— 3H+
2

_ 4 _ (VrE-1 _ Vr-1

= Worvmp B = (ﬁ+1) and p

© Heavy ball: «

T VE+1
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(Discrete) Lyapunov functions

Consider
Vi(€) = p72 (ao(F () = F(x")) + (& =€) P(&k =€),
and assume that we can find ag > 0, P > 0 such that
Vier1 (k1) < V(&)

we can then conclude

f(xk) — F(x*) < kaM.
a0

If p < 1, we have found a convergence rate for f(xx) towards the optimal
value f(x*).
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A theorem for the (discrete) Lyapunov function

(Discrete) convergence to miminizer

Suppose that there exist ag > 0, P = 0, £ > 0, and p € [0, 1) such that

T = MO 4 5002MD + 291 — p?)M® +em®) <o,

where
T 2 T
() _ |A"PA—p°P A’PB 1) _ @ (2) (2 _ @ (3) (3) — y@®
M _{ e Tpgl: M7 =NUENT, MT =N LN, M= N
with
N _ [E -C EB] v é"’ Ly [EA -C EB]
0 g 3 ld 0 0 Iy |’
N@ _[C—E 0o]T [-%l Fl|[c-E o
=1 o Iy Ly 0 0 la]’
N® _ [¢T 0] =%l 3la|[C O
0 gl | iy o [0 4]’
T — oL 2l c o
N® — € 0 m+L'd 2id
o | i —Lllo Al
d 2ld mrL'd d

(f(xo)—f(x*))Jr(ﬁo—5*)7—P(Eo—§*)p2k
ag N

Then, for f € Fp, 1, the sequence {x} satisfies f(x;) — f(x*) < 2

K. C. Zygalakis (University of Edinburgh) ODEs and optimization UCL, 23/05/2023 25 / 42



Nesterov method

We introduce § = v/ma and d = %(xk — Xk—1), SO We can re-write our
algorithm as:

«
diy1 = Bdx — gi(}/k),
X1 = Xk + 0fdke — aVF(yk),
Yk = Xk + 03dk.

Setting & = [d,;r, ka]T € R29 we can express the algorithm in the discrete
form with

A:[fﬂl;’d 0}, B:[_(a/d)ld], C=1[08ls 1], E=1[0 I4.

—a/d

la
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Dimension reduction

@ The matrix A is a a Kronecker product of a 2 x 2 matrix and /g,

_|B 0 :
A—|:55 1]®/d,

@ The matrices B, C and E have a similar Kronecker product structure.

@ It is then natural to consider symmetric matrices P of the form

p:ﬁ®,d ﬁ:[Pn P12]
’ p12 p22|’

o T will also have a Kronecker product structure

N N tin ti2 13
T=T® /d, T = |tia tao tr3
ti13 toz t33
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Structure of T

We have

tiy = B°p11 + 268%p12 + 0°B%p22 — pPp11 — 6°8°m/2,
tio = Bp12 + 0Bp22 — p°p12 — 68m/2 + p*58m/2,

ti3 = —0 tafpi — 2a8p12 — dafpxn + 55/2,

thy = pa2 — p°p22 — m/2+ p>m/2,

try = —0 tapio — apn +1/2 — p?/2,

t33 = 5_20421311 + 25‘1a2p12 + Oz2p22 + azL/2 — .

Our task is to find p € [0,1), p11, p12, and py that lead to T <0 and
P = 0 (which imply T <0and P> 0).
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Solution
The algebra becomes simpler if we represent 3 and p? as:
B=1—bs, p>=1-—rf.

Note that we are interested in r € (0,1/4] so as to get p? € [0,1). Going through
the algebra we find

S P11 P12 m (1 — r5)2 r(l — r5) 1
P = . < = <1
[Pm PzJ 2 [r(l —ré) r? esp e
as well as = = 0 where

= Z5(r,b) = (r +0)(1 = 6%)b> = 2(1 + r*)(1 — 6°)b + (r* — 3r6 + 3r — §).

@ Since § = v/ma and a < L™, this implies that

hence the Nesterov algorithm maintains the acceleration of the original
differential equation.

K. C. Zygalakis (University of Edinburgh)
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Convergence of the algorithm

Theorem

With the choices of parameters as in the previous slide the matrix T is
negative semi-definite. As a result, for any x_1, xg, the sequence

o2 () = F(x) + 100 <] = xT1 Pl <] = xTT7)
decreases monotonically, which, in particular, implies
f(xk) — f(x) < Cp*
with

mHl—r(5 2

C=f(x)— f(x*) + 5 T(XO —x_1) + r(xo — x¥)
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Overview

e What do we gain by this analogy?
@ Structural conditions and additive Runge-Kutta methods
@ Alternative Lyapunov functions and improved convergence rates

K. C. Zygalakis (University of Edinburgh) ODEs and optimization UCL, 23/05/2023 31/ 42



Connection with the ODE

Convergence between discrete and continuous Lyapunov function

Fix the parameter b > 0 and the initial conditions x(0), x(0) for the
momentum equations. For small h > 0, consider the Nesterov method

with parameters o = h? and 8 = f, = 1 — by/mh + o(h). Assume that
the initial points x_1, xo are such that, as h ] 0, xp — x(0) and
(1/h)(xo — x=1) = x(0). Then, in the limit kh — t,
Q xx — x(t) and (1/h)(xkr1 — xx) — x(2).
@ The discrete Lyapunov function converges to the continuous
Lyapunov function

&9\ THE UNIVERSITY
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Optimization algorithms as integrators

Sz = gl e+ = [Py

Nesterov method can be expressed as

k1 = Zk,

Zio = zi+hgM(Zyy),

Zis = zk+hg™(Zq) + hgP(Zk ),

Zka = zi+ hg™(Zi1) + hgPl(Zi2) + hg® (2 3),
zie1 = zi+ hgM(Zi 1) + hgt?(Zi3) + hgBl(Zk ).

&9\ THE UNIVERSITY
&) o EDINBURGH

K. C. Zygalakis (University of Edinburgh) ODEs and optimization UCL, 23/05/2023 33 /42



Is consistency enough?

@ From an intuitive point of view the previous theorem is obvious, i.e
you start with and ODE you discretise it and the numerical algorithm
inherits its properties for some finite h

@ The key however is how large this h can be, while maintaining the
negative definiteness of the matrix T.

© From consistency in order to achieve acceleration one needs to be able
to preserve the negative definiteness of T for time steps h < cL~1/2

© What is special about Nesterov?

&9\ THE UNIVERSITY
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Structural conditions of integrators

X1 = Xk + B(xk — xk—1) — aVf(yk),
Vi = Xk + y(Xkx — Xk—1),

e Key quantity ¢ := t11/(md), when vy =0, c = --- + §(k — 1)3?/2.
e For acceleration, ¢ has to be O(1/1/k) which makes it impossible for
c to be <0.

@ Presence of k in t1; relates to the appearance of L in the matrix N
@ This can be indeed eliminated if EA— C =0
@ In words: the point y, = C&, where the gradient is evaluated has to

coincide with the point xx11 = EA&, that the algorithm would yield if
ux = V£ (yk) happened to vanish

[3] L. Lessard, B. Recht, A. Packard, SIAM J. Optim., 26(1), 57-95. (2016)
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Revisiting the Lyapunov function

V(E t) = eM (F(y() — Fy*) + (&(t) — €)T P(&(t) — &)

@ We can try to relax the condition P > 0

@ Through strong convexity we know that
* m * (12
Fy(8) = ") = Sy () = y*II%
@ Hence

Vig.t) = & [(€(t) =€) (FCTC+P) ((t) )]

o If we can still establish that V/(¢, t) is non-increasing we are good as
long CTC+P >0
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Continuous case revisited

Improved (continuous) convergence to minimizer
Siuppo§e that there exist A > 0, o > 0 and a symmetric matrix P with
P:= P+ (m/2)C7 C = 0, that satisfy

T=mMO + MO L AM® oM <0

Then the following inequality holds for f € F, 1, t >0

maxa(CT C)

_—Ze7MV/(£(0), 0).
min o(P) (6(0),0)

ly () = yul® < maxo(CTC) |I&(2) — €1l <

v
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Discrete case revisited

Improved (discrete) convergence to minimizer
Suppose that there exist ag > 0, p € (0,1), £> 0, and a symmetric matrix
P, with P := P 4 (agm/2)ET E ~ 0, such that

T = MO 4 a,p?M® + a9(1 — pP)M®P 4 eMB) < 0,

Then, for f € Fp, 1, the sequence {x} satisfies

maxc(ETE)

Ixic = x.* < maxo(ETE) €k — €¥llp < — =
min o(P)

V(§05 0):02k'
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What do we gain?

—— quadratic
— This analysis|
15 1.5 —FPr0
= 1 lj'. = 1
0.5 0.5
0 0
0 1 3 4 0 1 2 3 4

<N
<

@ We can show that in continuous time for b = 31/2/2 we can improve the
convergence rate to A\ = v/2y/m

@ In the discrete setting for appropriate choice of the coefficients we can prove a
convergence rate p? =1 — % +0(k™), Kk — oco.

@ The convergence rate of Nesterov with the standard parameter choices
a=1L"1 8= (Vk—-1)/(vVk+ 1) is better that what previously proven.
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Overview

@ Conclusions
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Conclusions

o Differential equations are excellent starting point in terms of
designing optimization algorithms.

@ However for optimization algorithms stability is crucial in terms of
being able to utilize the favourable convergence rates of the
continuous system.

@ In terms of Lyapunov functions it is possible to improve on previous
convergence rates by relaxing some conditions by using the strong
convexity properties of our functions.
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